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A common of ﬁnite-time heat transfer processes between high- and low-temperature sides
with generalized radiative heat transfer law [q / D(Tn)] is studied in this paper. In general,
the minimization of entropy generation in heat transfer processes is taken as the optimi-
zation objective. A new physical quantity, entransy, has been identiﬁed as a basis for opti-
mizing heat transfer processes in terms of the analogy between heat and electrical
conduction recently. Heat transfer analyses show that the entransy of an object describes
its heat transfer ability, as the electrical energy in a capacitor describes its charge transfer
ability. Entransy dissipation occurs during heat transfer processes, as a measure of the heat
transfer irreversibility with the dissipation related thermal resistance. Under the condition
of ﬁxed heat load, the optimal conﬁgurations of hot and cold ﬂuid temperatures for mini-
mizing entransy dissipation are derived by using optimal control theory. The condition cor-
responding to the minimum entransy dissipation strategy with Newtonian heat transfer
law (n = 1) is that corresponding to a constant heat ﬂux rate, while the condition corre-
sponding to the minimum entransy dissipation strategy with the linear phenomenological
heat transfer law (n = 1) is that corresponding to a constant ratio of hot to cold ﬂuid tem-
peratures. Numerical examples for special cases with Newtonian, linear phenomenological
and radiative heat transfer law (n = 4) are provided, and the obtained results are also com-
pared with the conventional strategies of constant heat ﬂux rate and constant hot ﬂuid
(reservoir) temperature operations and optimal strategies for minimizing entropy genera-
tion. Moreover, the effects of heat load changes on the optimal hot and ﬂuid temperature
conﬁgurations are also analyzed.
 2009 Elsevier Inc. All rights reserved.1. Introduction
Since the mid 1970s, ﬁnite-time thermodynamics [1–8] has been applied to optimize the performance of various thermo-
dynamic systems. Heat exchanger is used in modern industry widely. With optimizing performance of the heat exchanger,
the energy utilization efﬁciency could be improved and the total volume and weight of the heat transfer equipment could be
reduced, so the heat exchanger is always one of the main research subjects in ﬁnite-time thermodynamics. Bejan [9] ﬁrst
analyzed the least combined entropy production induced by the heat transfer and the ﬂuid viscosity as objective function
to optimize the geometry of heat transfer tubes and to ﬁnd optimum parameters for heat exchangers. Berry et al. [3], Line-
skin and Tsirlin [10], and Andresen and Gordon [11] showed that the counter-ﬂow heat exchanger could represent the opti-
mal solution for entropy generation minimization among various types of heat exchangers. Based on Ref. [11], Badescu [12]
showed that the counter-ﬂow heat exchanger could also represent the optimal solution for minimizing lost available work. All rights reserved.
ax: +86 27 83638709.
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as reference environment, the results for minimum entropy generation are equivalent to those for minimum lost available
work. Amelkin and Tsirlin [13] investigated the problem of minimal entropy generation for heat exchangers with different
models describing the cold and the hot media. The entropy generation describes the irreversibilities of thermodynamic pro-
cesses, while the minimum entropy generation in heat exchangers sometimes does not coincide with the maximum effec-
tiveness. Bejan [14] showed that with decreasing the entropy generation, the effectiveness of the heat exchanger decreases
ﬁrstly and then increases. Bejan called this behavior the ‘entropy generation paradox’. Both Xu et al. [15] and Hesselgeaves
[16] put forward different methods of modifying entropy generation numbers to avoid the ‘entropy generation paradox’. Guo
et al. [17–19] proposed and demonstrated the uniformity principle of temperature difference ﬁeld in heat exchangers.
Guo et al. [20,21] introduced a new quantity that corresponds to electrical potential energy in a capacitor based on the
analogy between electrical and thermal systems. This quantity is called entransy which describes the total ‘‘potential en-
ergy” of the thermal energy in an object. Heat transfer is always accompanied by entransy transfer. Thermal energy is con-
served, while entransy is not conserved due to dissipation. The entransy dissipation could be used to measure the
irreversibility of heat transfer process. The extremum principle of entransy dissipation is put forward by Guo et al. [20].
The entransy dissipation extremum principle (i.e. least dissipation of heat transport potential capacity in Ref. [22]) is applied
to optimize the volume-to-point access thermal conduction problem in Ref. [22]. With a ﬁxed volume-averaged conductivity
as the constraint, the optimized thermal conductivity distribution is obtained that greatly reduces the average temperature.
Besides, the idea of entransy is further described by researches on physical mechanism of heat conduction ability dissipation
[23], electricity and thermal simulation experiment [24], and the method of entransy dissipation minimization is used to
optimize performances of various thermal systems [25–32]. Song et al. [33] proved the uniformity principle of temperature
difference ﬁeld in heat exchanger by using the entransy dissipation extremum principle. Xia et al. [34] showed that the con-
dition corresponding to the minimum entransy dissipation was that corresponding to a constant heat ﬂux density during
Newtonian law heat transfer processes, which coincided with the uniformity principle of temperature difference ﬁeld
[17–19,33].
In general, heat transfer is not necessarily Newtonian heat transfer law and also obeys other laws. Heat transfer laws not
only have signiﬁcant inﬂuences on the performance of the given thermodynamic processes [35–39], but also have inﬂuences
on the optimal conﬁgurations of thermodynamic processes for the given optimization objectives [40–42]. Based on the the-
ory of irreversible thermodynamics, Nummedal and Kjelstrup [43] optimized the heat transfer processes in heat exchanger
for minimizing entropy generation by choosing different thermodynamic ﬂuxes and forces, and showed that the thermody-
namic forces are constants, i.e. the principle of equipartition of forces (EoF). Based on Ref. [43], Johannessen et al. [44] further
considered that the heat transfer coefﬁcient is related to the local temperature changes, and showed that the local entropy
generation rate is constant, i.e. the principle of equipartition of entropy production (EoEP). For a common class of ﬁnite-time
heat transfer processes between high- and low-temperature sides with generalized radiative heat transfer law [q /D(Tn)],
Andresen and Gordon [45] derived the optimal heating and cooling strategies for minimizing entropy generation. Chen et
al. [46] derived optimal heating and cooling strategies of heat transfer processes for minimizing entropy generation with
a more general heat transfer law [q / D(Tn)m], in which the results in Refs. [11,45] were included. For a system of uniform
temperature in contact with a thermal bath, in which heat transfer expressions between high- and low-temperature sides
obeys generalized radiative heat transfer law, Badescu [47] derived optimal heating and cooling strategies for minimizing
lost available work. Xia et al. [48] derived optimal heating and cooling strategies for minimizing lost available work with
a more general heat transfer law [q / D(Tn)m]. This paper will investigate a common of heat transfer processes, in which
the heat transfer between high- and low-temperature sides obeys generalized radiative heat transfer law. By taking entransy
dissipation minimization as the optimization objective, the optimal heating and cooling strategies are derived by using opti-
mal control theory under the condition of ﬁxed heat load. The obtained results are compared with the conventional strate-
gies of constant heat ﬂux and constant source temperature operation and the optimal strategies of minimum entropy
generation.2. Heat exchanger model
Three types of simple two-ﬂuid ﬂow heat exchanger models are shown in Fig. 1, including parallel ﬂow, condensing ﬂow,
and counter ﬂow. Heat transfer process in condensing ﬂow exchanger, i.e. constant ﬂuid temperature operation, is due to the
phase transition of the ﬂuid at one side of heat exchanger (then the temperature of the ﬂuid is a constant), so the parallel
ﬂow is equivalent to the counter ﬂow for this case. For various heat exchangers shown in Fig. 1, the hot and cold ﬂuids
are fully mixed against to the ﬂow direction, and the ﬂuid temperatures at corresponding cross section are T1(l) and T2
(l), respectively. The speciﬁc heat capacity, mass ﬂow rate, heat capacitivity (or water equivalent, which is equal to the prod-
uct of mass ﬂow rate and heat capacity), and input and output temperatures of the hot ﬂuid are denoted as C1,m1, w1 =m1C1,
T1,inp and T1,out, respectively, while the corresponding parameters for the cold ﬂuid are C2, m2, w2 =m2C2, T2,inp and T2,out,
respectively. There is steady, incompressible ﬂuid ﬂow in the heat exchangers, and the heat conduction is neglected. The
entropy generation in heat exchangers is mainly due to the heat transfer between the hot and cold ﬂuids and the pressure
drop due to ﬂuid ﬂow and the former is dominant resources. For the analogy between the entropy production and entransy
dissipation, the entransy dissipation in the heat exchanger is also mainly due to the heat transfer between the hot and cold
Fig. 1. Three types of simple two-ﬂuid heat exchanger models.
Fig. 2. Schematic of one-node time-dependent heat transfer process model.
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irreversibilities with analogy of the analysis of entropy generation in Ref. [9], but all of other irreversibilities in heat exchan-
ger are neglected and only the thermal resistance at the heat- transfer interface between the hot and cold ﬂuids is considered
herein. Fig. 2 shows a time-dependent heat transfer process model. The length of the heat exchanger in Fig. 1 corresponds to
the duty of the heat transfer process in Fig. 2, so research on heat transfer processes with the variable of time t is equivalent
to that with the variable of section l [11,12,45–48]. For the convenience of analysis, the time-dependent heat transfer process
model in Fig. 2 is chosen in this paper. For the ﬁxed heat load, the ﬁxed process duration s, and the heat transfer process with
the generalized heat transfer law, the optimal heating and cooling strategies will be derived for minimizing entransy
dissipation.
Consider that the heat transfer between the hot and cold ﬂuids obeys the generalized radiative heat transfer law, thenqðT1; T2Þ ¼ kðTn1  Tn2Þ; ð1Þ
where k is the heat transfer coefﬁcient. In terms of the ﬁrst law of thermodynamics, the change of cold ﬂuid temperature
T2(t) is governed byqðT1; T2Þ ¼ w2dT2=dt ¼ w1dT1=dt: ð2Þ
A physical quantity describing heat transfer ability is deﬁned in Ref. [20], i.e. entransy, as follows:Eh ¼ QvhT=2; ð3Þ
where Qvh =McvT is the thermal energy or the heat stored in an object with constant volume, and T represents the object
temperature. According to Ref. [20], the physical meaning of entransy can be understood by considering a reversible heating
process of object with temperature, T, and speciﬁc heat at constant volume, cv. For a reversible process, the temperature dif-
ference between the object and the heat source and the heat added are inﬁnitesimal. Continuous heating of the object im-
plies an inﬁnite number of heat sources that heat the object in turn. The temperature of these heat sources increases
inﬁnitesimally with each source giving an inﬁnitesimal amount of heat to the object. The temperature presents the potential
of the heat because the availability of the heat differs at different temperatures. Hence the ‘‘potential energy” of the thermal
energy increases in parallel with the increasing thermal energy (thermal charge) when heat is added. When an inﬁnitesimal
amount of heat is added to an object, as with the derivation for the electrical energy in a capacitor, the increment in ‘‘poten-
tial energy” of the thermal charge and the thermal potential (temperature) differential [20]
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If absolute zero is taken as the zero temperature potential, then the ‘‘potential energy” of the thermal energy in the object at
temperature T is [20]Eh ¼
Z T
0
Qvh dT ¼
Z T
0
McvT dT ¼ 12McvT
2: ð5ÞHence, like an electric capacitor which stores electric charge and the resulting electric potential energy, an object can be re-
garded as a thermal capacitor which stores heat (thermal charge) and the resulting thermal ‘‘potential energy”. If the object
is put in contact with an inﬁnite number of heat sinks that have inﬁnitesimally lower temperatures, the total quality of ‘‘po-
tential energy” of heat which can be transferred out is QvhT/2. Hence the ‘‘potential energy”, which is called entransy here,
represents the heat transfer ability of an object.
Multiplying both sides of Eq. (2) by the hot ﬂuid temperature T1 and integrating with respect to the time variable t, yield
the following entransy balance equation of the hot ﬂuid in the heat exchanger1
2
w1T
2
1;inp 
1
2
w1T
2
1;out ¼
Z s
0
qðtÞT1ðtÞdt: ð6ÞSimilarly, the entransy balance equation of the cold ﬂuid is written as1
2
w2T
2
2;inp þ
Z s
0
qðtÞT2ðtÞdt ¼ 12w2T
2
2;out: ð7ÞAdding Eq. (6) to Eq. (7) and rearranging the resulting equation, one obtainsDE ¼ Einl  Eout ¼ 12w1T
2
1;inp þ
1
2
w2T
2
2;inp
 
 1
2
w1T
2
1;out þ
1
2
w2T
2
2;out
 
¼
Z s
0
qðtÞ½T1ðtÞ  T2ðtÞdt: ð8ÞFrom Eq. (8), the entransy dissipation rate per unit time is D _E ¼ qðT1  T2Þ. Therefore, the entransy dissipation extremum
principle [20] is also valid during the heat transfer processes in the heat exchanger. It states that the maximum entransy
dissipation leads to the maximum heat ﬂux at given boundary temperatures, while the minimum entransy dissipation leads
to the minimum temperature difference at given boundary heat ﬂux.
Combining Eq. (1) with Eq. (8), then the entransy dissipation of the heat exchanger is derived, i.e. entransy dissipation
function DE in Ref. [20]:DE ¼
Z s
0
kðTn1  Tn2ÞðT1  T2Þdt: ð9Þ3. Optimization
Our problem now is to determine the optimal conﬁgurations of the hot and cold ﬂuid temperatures for minimizing en-
transy dissipation of Eq. (9) subject to the constraint of Eq. (2). Apparently, it is an optimal control problem. Correspondingly,
the modiﬁed Lagrangian L with a time-dependent Lagrange multiplier k(t) is given byL ¼ kðTn1  Tn2ÞðT1  T2Þ  kðtÞ½kðTn1  Tn2Þ w2dT2=dt: ð10ÞThe Euler–Lagrange equations to determine the optimal solutions are then@L
@T1
 d
dt
@L
dT1=dt
 
¼ 0; ð11Þ
@L
@T2
 d
dt
@L
dT2=dt
 
¼ 0: ð12ÞSubstituting Eq. (10) into Eqs. (11) and (12), respectively, yields:k ¼ nþ 1
n
T1  T
n
2
nTn11
 T2; ð13Þ
nkTn12 ðT1  T2  kÞ þ kðTn1  Tn2Þ þw2 dk=dt ¼ 0: ð14ÞDifferentiating Eq. (13) with respect to time t yields:dk
dt
¼ nþ 1
n
þ ðn 1ÞT
n
2
nTn1
 
dT1
dt
 T
n1
2
Tn11
þ 1
 !
dT2
dt
: ð15Þ
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Tn11
þw2 nþ 1n þ
ðn 1ÞTn2
nTn1
 
dT1
dt
w2 T
n1
2
Tn11
þ 1
 !
dT2
dt
¼ 0: ð16ÞSubstituting Eq. (2) into Eq. (16) yields:dT1
dT2
¼ 2nT1T
n1
2
ðnþ 1ÞTn1 þ ðn 1ÞTn2
: ð17Þ4. Effects of heat transfer laws
For the ﬁxed parameters of w2, T2(0), s, and T2(s), i.e. the ﬁxed heat load, there are at least three special cases, as follows:
(1) When n = 1, the results becomes those obtained with Newtonian heat transfer law in Ref. [34]. From Eq. (17), one has:T1  T2 ¼ const: ð18Þ
Eq. (18) shows that the temperature difference between the hot and cold ﬂuid is a constant, i.e. constant heat ﬂux rate, which
coincides with the uniformity principle of temperature difference ﬁeld [17–19,33,34]. Deﬁning the given temperature differ-
ence as DT2 = T2(s)  T2(0) and combining Eqs. (2) with (18), one can get T1(t) and T2(t) as follows:T1ðtÞ ¼ T2ð0Þ þw2DT2=ðksÞ þ DT2t=s; ð19Þ
T2ðtÞ ¼ T2ð0Þ þ DTt=s: ð20ÞSubstituting Eqs. (19) and (20) into Eq. (9) yieldsDE ¼ w22DT22=ðksÞ: ð21Þ
(2) When n = 1, the results becomes those with the linear phenomenological heat transfer law. From Eq. (17), one has:T1=T2 ¼ const: ð22Þ
Eq. (22) shows that the ratio of the hot to cold ﬂuid temperature is a constant. Combining Eqs. (2) with (22), one can get T1(t)
and T2(t) as follows:T1ðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f½T2ðsÞ2  ½T2ð0Þ2gt=sþ ½T2ð0Þ2
q
1þw2f½T2ðsÞ2  ½T2ð0Þ2g=ð2ksÞ
; ð23Þ
T2ðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f½T2ðsÞ2  ½T2ð0Þ2gt=sþ ½T2ð0Þ2
q
: ð24ÞSubstituting Eqs. (23) and (24) into Eq. (9) yieldsDE ¼  f½T2ðsÞ
2  ½T2ð0Þ2g2w22=ð4ksÞ
1þw2f½T2ðsÞ2  ½T2ð0Þ2g=ð2ksÞ
: ð25Þ(3) When n = 4, the results becomes those with the radiative heat transfer law. From Eqs. (2) and (17), one can getdT2=dt ¼ kðT41  T42Þ=w2; ð26Þ
dT1
dt
¼ 8T1T
3
2ðT41  T42Þk=w2
5T41 þ 3T42
: ð27ÞThere is no closed-form, analytic solution, so Eqs. (26) and (27) should be solved for T1(t) and T2(t) numerically. Then the
entransy dissipation for the case with the radiative heat transfer law could be obtained by numerically integrating Eq. (9).
5. Numerical examples and discussion
According to Refs. [45,46], the parameters in Newtonian, linear phenomenological and radiative heat transfer laws are
used. As a quantitative illustration of the relative merits of these alternative heating methods, a low-temperature difference
heating process with DT2 = 100 K and high-temperature difference heating process with DT2 = 600 K starting at T2(0) = 300 K
are considered. The total duration of the heat transfer process is set to be s = 1000 s. For different heat transfer laws, one
must change w2/k with DT2 in order to generate heat transfer rates that are comparable to each other. For Newtonian heat
transfer law, the value of w2/k is set to be 1000 s when DT2 = 100 K and DT2 = 600 K. For the consistency of notation, w2/k is
negative for the linear phenomenological heat transfer law. For the low-temperature difference process, the value of w2/k for
the linear phenomenological heat transfer law is set to be 0.005 K2 s, and for the radiative heat transfer law 3  1011 K3 s.
For the high-temperature difference process, the value of w2/k for the linear phenomenological heat transfer law is set to be
Table 1
Parameter relationships for the four different heating strategies with Newtonian heat transfer law.
Case Constant hot ﬂuid temperature Constant heat ﬂux
T1(t) T1 ¼ T2ðsÞT2ð0Þ expðks=w1Þ1expðks=w1Þ T1ðtÞ ¼ T2ð0Þ þ
w2DT2
ks þ DT2 ts
T2(t) T2(t) = T1  [T1  T2(0)]exp (kt/w2) T2(t) = T2(0) +DT2t/s
DS DS ¼ w2 ln T2ðsÞT2ð0Þ
h i
 DT2T1
n o
DS ¼ w2 ln T2ðsÞT2ð0Þ
h i
 ln T1ðsÞT1ð0Þ
h in o
DE DE =w2[T1  T2(0)]2(1  exp (2ks/w2))/2 DE ¼ w22ðDT2Þ2=ks
Case Minimum entropy generation [45,46] Minimum entransy dissipation
T1(t) T1ðtÞ ¼ T2ð0Þ 1þ w2ks ln T2ðsÞT2ð0Þ
h i
½T2ðsÞ=T2ð0Þt=s T1ðtÞ ¼ T2ð0Þ þ w2DT2ks þ DT2 ts
T2(t) T2(t) = T2(0)[T2(s)/T2(0)]t/s T2(t) = T2(0) +DT2t/s
DS
DS ¼ w2 ln T2ðsÞT2ð0Þ
h i2
ks
w2
þ ln T2ðsÞT2ð0Þ
h i
DS ¼ w2 ln T2ðsÞT2ð0Þ
h i
 ln T1ðsÞT1ð0Þ
h in o
DE
DE ¼ ½w2T2ð0Þ22ks ln T2ðsÞT2ð0Þ
h i
T2ðsÞ
T2ð0Þ
h i2
 1
 	
DE ¼ w22ðDT2Þ2=ks
Fig. 3. The ﬂuid temperature proﬁles of various heating strategies for the low-temperature difference (DT2 = 100 K) with Newtonian heat transfer law: (a)
the hot ﬂuid and (b) the cold ﬂuid.
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Fig. 4. The ﬂuid temperature proﬁles of various heating strategies for the high-temperature difference (DT2 = 600 K) with Newtonian heat transfer law: (a)
the hot ﬂuid and (b) the cold ﬂuid.
Table 2
Comparison of the results for various heating strategies with Newtonian heat transfer law.
Case DT2 = 100 K DT2 = 600 K
T1(0) (K) T1(s) (K) DS/DSmin DE/DEmin T1(0) (K) T1(s) (K) DS/DSmin DE/DEmin
Constant hot ﬂuid temperature 458.2 458.2 1.085 1.907 1249.2 1249.2 1.086 1.085
Constant heat ﬂux 400.0 500.0 1.005 1.000 900.0 1500.0 1.026 1.000
Minimum entropy generation 386.3 515.1 1.000 1.007 629.6 1888.8 1.000 1.103
Minimum entransy dissipation 400.0 500.0 1.005 1.000 900.0 1500.0 1.026 1.000
2248 S. Xia et al. / Applied Mathematical Modelling 34 (2010) 2242–22550.001 K2 s, and for the radiative heat transfer law 1  1012 K3 s. The optimal strategies of minimum entropy generation
with different heat transfer laws are compared with the common strategies of constant heat ﬂux and constant hot ﬂuid tem-
perature (i.e. constant source (reservoir) temperature in Refs. [45,46]) operation, and the optimal strategies of minimum en-
transy dissipation in this paper will be compared with the three different heating/cooling strategies mentioned above.
5.1. Comparisons of different heating strategies with Newtonian heat transfer law
Table 1 lists the parameter relationships for the four different heating strategies with Newtonian heat transfer law. From
Table 1, one can see that the results for the optimal strategy of minimum entransy dissipation are identical with those for the
Table 3
Parameter relationships for the four different heating strategies with linear phenomenological heat transfer law.
Case Constant hot ﬂuid temperature Constant heat ﬂux
T1(t) T21 ln
T1T2ðsÞ
T1T2ð0Þ
n o
þ T1DT2 ¼  ksw2
1
T1ðtÞ  1T2ðtÞ ¼
w2DT2
ks
T2(t) T21 ln
T1T2ðtÞ
T1T2ð0Þ
n o
þ T1½T2ðtÞ  T2ð0Þ ¼  ktw2 T2(t) = T(0) + DT2t/s
DS No closed-form solution DS ¼ w22ðDT2Þ2=ðksÞ
DE No closed-form solution
DE ¼ w2DT2½Tð0Þ þ DT22  ksw2DT2 þw2 ksw2DT2

 2
ln T2ðsÞþks=ðw2DT2ÞT2ð0Þþks=ðw2DT2Þ
Case Minimum entropy generation [45,46] Minimum entransy dissipation
T1(t) 1T1ðtÞ  1T2ðtÞ ¼
w2DT2
ks T1ðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f½T2ðsÞ2½T2ð0Þ2gt=sþ½T2ð0Þ2
p
1þw2f½T2ðsÞ2½T2ð0Þ2g=ð2ksÞ
T2(t) T2(t) = T(0) + DT2t/s T2ðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f½T2ðsÞ2  ½T2ð0Þ2gt=sþ ½T2ð0Þ2
q
DS DS ¼ w22ðDT2Þ2=ðksÞ DS ¼ w22f½T2ðsÞ
2½T2ð0Þ2g
2ks ln
T2ðsÞ
T2ð0Þ
DE
DE ¼ w2DT2 T2ð0Þ þ DT22  ksw2DT2
h i
þw2 ksw2DT2

 2
ln T2ðsÞþks=ðw2DT2ÞT2ð0Þþks=ðw2DT2Þ DE ¼ 
f½T2ðsÞ2½T2ð0Þ2g2w22=ð4ksÞ
1þw2f½T2ðsÞ2½T2ð0Þ2g=ð2ksÞ
Fig. 5. The ﬂuid temperature proﬁles of various heating strategies for the low-temperature difference (DT2 = 100 K) with linear phenomenological heat
transfer law: (a) the hot ﬂuid and (b) the cold ﬂuid.
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Fig. 6. The ﬂuid temperature proﬁles of various heating strategies for the high-temperature difference (DT2 = 600 K) with linear phenomenological heat
transfer law: (a) the hot ﬂuid and (b) the cold ﬂuid.
Table 4
Comparison of the results for various heating strategies with linear phenomenological heat transfer law
Case DT2 = 100 K DT2 = 600 K
T1(0) (K) T1(s) (K) DS/DSmin DE/DEmin T1(0) (K) T1(s) (K) DS/DSmin DE/DEmin
Constant hot ﬂuid temperature 439.4 439.4 1.214 1.213 1108.6 1108.6 1.618 1.542
Constant heat ﬂux 352.9 500.0 1.000 1.010 365.9 1956.5 1.000 1.218
Minimum entropy generation 352.9 500.0 1.000 1.010 365.9 1956.5 1.000 1.218
Minimum entransy dissipation 363.6 484.8 1.007 1.000 468.8 1406.3 1.110 1.000
2250 S. Xia et al. / Applied Mathematical Modelling 34 (2010) 2242–2255strategy of constant heat ﬂux operation [34], while the condition corresponding to minimum entropy generation is that cor-
responding to a constant ratio of hot to cold ﬂuid temperature [3,10,11,45,46], i.e. the results for minimizing entransy dis-
sipation are different from those for minimizing entropy generation remarkably.
Figs. 3 and 4 show the hot and cold ﬂuid temperature proﬁles of different heating strategies for the two heating temper-
ature differences (DT2 = 100 K and DT2 = 600 K), respectively. Table 2 lists the corresponding calculation results for different
strategies. Fig. 3 shows that the hot and cold temperature proﬁles for minimizing entransy dissipation appear as a linear
function of time for the low-temperature difference, and those for minimizing entropy generation are very close to the for-
mer case. While for the high-temperature difference, the optimal conﬁgurations of the hot and cold ﬂuid temperature for
Table 5
Parameter relationships for the four different heating strategies with radiative heat transfer law.
Case Constant hot ﬂuid temperature Constant heat ﬂux
T1(t) 4kT31s
w2
¼ ln ½T1þT2ðsÞ½T1T2ð0Þ½T1þT2ð0Þ½T1T2ðsÞ
n o
þ 2arctan T2ðsÞT1
h i
 2 arctan T2ð0ÞT1
h i
T1ðtÞ ¼ Tð0Þ þ DT2 ts
h i4 þ w2DT2ks
 	1=4
T2(t) 4kT31t
w2
¼ ln ½T1þT2ðtÞ½T1T2ð0Þ½T1þT2ð0Þ½T1T2ðtÞ
n o
þ 2 arctan T2ðtÞT1
h i
 2arctan T2ð0ÞT1
h i
T2(t) = T2(0) + DT2t/s
DS No closed-form solution No closed-form solution
DE No closed-form solution No closed-form solution
Fig. 7. The ﬂuid temperature proﬁles of various heating strategies for the low-temperature difference (DT2 = 100 K) with radiative heat transfer law: (a) the
hot ﬂuid and (b) the cold ﬂuid.
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perature difference listed in Table 2, the relative differences in the entransy dissipation and entropy generation for these two
different optimization objectives are both less than 1%, the differences in the initial hot ﬂuid temperature for them is 13.7 K,
and the differences in the ﬁnal hot ﬂuid temperature is 15.1 K. While for the high-temperature difference, the relative dif-
ferences in the entropy generation and entransy dissipation are 2.6% and 10.3%, respectively, and the differences in the initial
and ﬁnal hot ﬂuid temperature are 270.4 K and 388.8 K, respectively. Also can be seen from Table 2 that both the entropy
generation and entransy dissipation for the constant hot ﬂuid temperature operation are the largest in all of the heating
Fig. 8. The ﬂuid temperature proﬁles of various heating strategies for the high-temperature difference (DT2 = 600 K) with radiative heat transfer law: (a)
the hot ﬂuid and (b) the cold ﬂuid.
2252 S. Xia et al. / Applied Mathematical Modelling 34 (2010) 2242–2255strategies considered here, so the exergy lost and irreversibility of heat transfer for this strategy are largest, i.e. the effective-
ness of heat transfer for this case is worst.
5.2. Comparisons of different heating strategies with the linear phenomenological heat transfer law
Table 3 lists the parameter relationships for the four different heating strategies with the linear phenomenological heat
transfer law. From Table 3, one can see that the condition corresponding to minimum entransy dissipation is that corre-
sponding to a constant ratio of hot to cold ﬂuid temperature, while the results for the optimal strategy of minimum entropy
generation are identical with those for the strategy of constant heat ﬂux operation, i.e. the reciprocal temperature difference
is a constant [43–46]. It is evident that the results for minimizing entransy dissipation are different from those for minimiz-
ing entropy generation.
Figs. 5 and 6 show the hot and cold ﬂuid temperature proﬁles of different heating strategies for the two heating temper-
ature differences, respectively. Table 4 lists the corresponding calculation results for different strategies. From Fig. 5, one can
see that the hot and cold temperature proﬁles for minimizing entropy generation appear as a linear function of time for the
low-temperature difference, and those for minimizing entransy dissipation are very close to the former case. While from
Fig. 6, one can see that the optimal conﬁgurations of the hot and cold ﬂuid temperatures for these two different optimization
objectives are different from each other for the high-temperature difference remarkably. The results for low-temperature
difference case in Table 2 show that the relative differences in the entransy dissipation and entropy generation for these
two different optimization objectives are both less than 1%, the differences in the initial hot ﬂuid temperature for them is
Table 6
Comparison of the results for various heating strategies with radiative heat transfer law.
Case DT2 = 100 K DT2 = 600 K
T1(0) (K) T1(s) (K) DS/DSmin DE/DEmin T1(0) (K) T1(s) (K) DS/DSmin DE/DEmin
T1 = const 464.4 464.4 1.024 1.027 965.7 965.7 1.053 1.080
q = const 441.8 485.6 1.002 1.001 883.1 1058.7 1.007 1.002
DS = min 425.9 500.5 1.000 1.005 821.2 1133.4 1.000 1.011
DE = min 434.3 492.2 1.002 1.000 856.7 1090.1 1.002 1.000
S. Xia et al. / Applied Mathematical Modelling 34 (2010) 2242–2255 225310.7 K, and the differences in the ﬁnal hot ﬂuid temperature is 15.2 K. While for the high-temperature difference case, the
relative differences in the entropy generation and entransy dissipation are 11% and 21.8%, respectively, and the differences in
the initial and ﬁnal hot ﬂuid temperature are 102.9 K and 450.2 K, respectively. One can also see from Table 4 that both the
entropy generation and entransy dissipation for the constant hot ﬂuid temperature operation are the largest, which is the
same as the results with Newtonian heat transfer law, so the exergy lost and irreversibility of thermal transfer for this strat-
egy are largest, i.e. the effectiveness of heat transfer for this case is worst.
5.3. Comparisons of different heating strategies with the radiative heat transfer law
There are no closed-form solutions for the optimal conﬁgurations of the hot and cold ﬂuid temperature for minimizing
entransy dissipation with the radiative heat transfer law. One must solve for them numerically. At ﬁrst, a trial value for
the initial hot ﬂuid temperature is chosen. Second, with the modiﬁed Euler method, the unknown ﬁnal cold ﬂuid tempera-
ture T2(s) is obtained by combining Eq. (2) with (21). The value of the initial hot ﬂuid temperature is modiﬁed to minimize
the difference between the computed value T2(s) and the known one.
Table 5 lists the parameter relationships for the four different heating strategies with the radiative heat transfer law.
There are also no closed-form solutions for the optimal conﬁgurations of the hot and cold ﬂuid temperature for minimizing
entropy generation with the radiative heat transfer law [45,46], so both the results for minimizing entropy generation and
minimizing entransy dissipation are not listed in Table 5. Figs. 7 and 8 show the hot and cold ﬂuid temperature proﬁles of
different heating strategies for the two heating temperature differences, respectively. Table 6 lists the corresponding calcu-
lation results for different strategies. From Figs. 5 and 6, one can see that the time variations of the hot and cold ﬂuid tem-
peratures depend on the adopted heating strategy, but the differences between various heating strategies are smaller than
those for the cases with Newtonian and linear phenomenological heat transfer law, as already noted in Refs. [45–48]. From
the results for low-temperature difference case listed in Table 6, one can see that the relative differences in the entransy dis-
sipation and entropy generation for various heating strategies (except constant hot ﬂuid temperature operation) are less
than 1%, the largest difference in the initial hot ﬂuid temperature for them is no more than 15.9 K, and the largest difference
in the ﬁnal hot ﬂuid temperature is no more than 14.9 K. While for the high- temperature difference case, the relative dif-
ferences in the entropy generation and entransy dissipation are no more than 1% and 1.1%, respectively, and the largest dif-
ferences in the initial and ﬁnal hot ﬂuid temperatures are 61.9 K and 43.3 K, respectively. One can also see from Table 6 that
both the entropy generation and entransy dissipation for the constant hot ﬂuid temperature operation are the largest, which
is the same as the results with Newtonian and linear phenomenological heat transfer law, so the exergy lost and irrevers-
ibility of heat transfer for this strategy are largest, i.e. the effectiveness of heat transfer for this case is worst.6. Conclusion
On the basis of summarizing numerous results of researches on heat exchangers or heat transfer processes in Refs. [3,10–
19,31–34,43–48], this paper investigates a common of ﬁnite- time heat transfer processes between high- and low-temper-
ature sides with the generalized radiative heat transfer law. Under the condition of ﬁxed heat load, the optimal conﬁgura-
tions of hot and cold ﬂuid temperatures for minimizing entransy dissipation (i.e. minimizing irreversibility of heat transfer
[20–34,39]) are derived by using ﬁnite-time thermodynamics and optimal control theory, in which the results with Newto-
nian [34], linear phenomenological and radiative heat transfer laws are included. The obtained results are also compared
with the conventional strategies of constant heat ﬂux rate and constant hot ﬂuid (reservoir) temperature operations and
optimal strategies for minimizing entropy generation [45–48]. The results show that for Newtonian law heat transfer pro-
cesses, the condition corresponding to minimum entransy dissipation is that corresponding to a constant temperature dif-
ference between the hot and cold ﬂuid [34], i.e. constant heat ﬂux rate, which coincides with the uniformity principle of
temperature difference ﬁeld [17–19,33,34], and the condition corresponding to minimum entropy generation is that corre-
sponding to a constant ratio of hot to cold ﬂuid temperature [3,10–12,45–48]; while for linear phenomenological law heat
transfer processes, the condition corresponding to minimum entransy dissipation is that corresponding to a constant ratio of
hot to cold ﬂuid temperature, and the condition corresponding to minimum entropy generation is that corresponding to a
constant reciprocal temperature difference [43–48], which is identical with the strategy of constant heat ﬂux operation. The
results for the same optimization objective with different heat transfer laws are different, so are those for different
2254 S. Xia et al. / Applied Mathematical Modelling 34 (2010) 2242–2255optimization objectives with the same heat transfer law. Numerical examples for special cases with Newtonian, linear phe-
nomenological and radiative heat transfer laws are provided. The results show that for small heat load, i.e. the low heating
temperature difference case of cold ﬂuid, the differences between the optimal conﬁgurations of the ﬂuid temperature for
entransy dissipation minimization and those for entropy generation minimization are small, while for the large heat load
case, the differences between them become remarkable. The results also show that the differences between various heating
strategies are smaller than those for the cases with Newtonian and linear phenomenological heat transfer laws, and the con-
stant hot ﬂuid temperature strategy leads to the largest entropy generation and entransy dissipation, i.e. the worst heat
transfer effectiveness. Research on heat transfer processes with the variable of time t is equivalent to that with the variable
of section l, so the results obtained herein can provide some theoretical guidelines for practical heat exchangers or heat
transfer processes. Different heat transfer laws correspond to different research objects. The linear phenomenological heat
transfer law is mainly associated with the relationships between the thermodynamic force and the corresponding thermo-
dynamic ﬂux in irreversible thermodynamics. Newtonian heat transfer law is commonly used in convective heat transfer
process and heat conduction. The radiative heat transfer law is suitable for high-temperature heat transfer process and black
body radiation. The optimal conﬁgurations of the hot and cold ﬂuid temperature could be realized by controlling the water
equivalence ratio [10–15,43–48]. According to the Gouy–Stodola theorem [9], the lost available work is directly proportional
to the entropy generation. So the entropy generation is suitable to maximize the heat-work conversion, i.e. to optimize the
exergy transfer performance. The entransy dissipation extremum principle [20] states that the maximum entransy dissipa-
tion leads to the maximum heat ﬂux at given boundary temperatures, while the minimum entransy dissipation leads to the
minimum temperature difference at given boundary heat ﬂux. So the entransy dissipation extremum principle is suitable to
optimize the heat transfer performance. Therefore, entropy generation and entransy dissipation represent different physical
meanings, selection between the two optimum criteria (i.e. entropy generation minimization and entransy dissipation min-
imization) depends of course on the particular implementation of the heat exchangers. The method based on entropy gen-
eration minimization could be used for heat exchangers involving heat-work conversion processes where the main interest
is in pursuing the minimum lost available work [10–12,43–48], while the method of entransy dissipation minimization (with
ﬁxed heat ﬂux boundary) could be used for heat exchangers for heating and cooling where the main interest is in pursuing
the highest heat transfer efﬁciency and best heat transfer effectiveness [20–34].Acknowledgements
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